
8.4 - Matrix Exponential

Recall that 𝜔𝜀 = ω⌋𝜗=1 𝜀𝜗𝜗! = 1 + 𝜀 + 12𝜀2 + 16𝜀3 + ⋛ This is the power series

representation for the exponential function. In the same way, we can de!ne a

matrix exponential.

De!nition: For any 𝜛 ε 𝜛matrix 𝛚,
𝜔𝛚𝜚 = 𝛆 + 𝛚𝜚 + 𝛚2 𝜚22! +⋛ + 𝛚𝜗 𝜚𝜗𝜗! +⋛ = ω⌈𝜗=0 𝛚𝜗 𝜚𝜗𝜗!

Example: Compute 𝜔𝛚𝜚 and 𝜔ϑ𝛚𝜚 .
𝛚 = ⌉ 0 11 0 {



Consider 𝛝ϖ = 𝛚𝛝. If 𝛝 = 𝜔𝛚𝜚𝛡, then 𝛝ϖ = 𝜍𝜍𝜚 }𝜔𝛚𝜚𝛡⦃. To !nd 𝜍𝜍𝜚 }𝜔𝛚𝜚⦃, we use
the de!nition:𝜍𝜍𝜚 }𝜔𝛚𝜚⦃ = 𝜍𝜍𝜚 ⌉𝛆 + 𝛚𝜚 + 𝛚2 𝜚22! + 𝛚3 𝜚23! +⋛{



𝛝ϖ = 𝛚𝜔𝛚𝜚𝛡
So for 𝛝ϖ = 𝛚𝛝, with 𝛚 containing constant entries, 𝛝 = 𝜔𝛚𝜚𝛡 is a solution.

(Note: 𝛡 is a column matrix of arbitrary coe"cients.)

Example: Use the matrix exponential to !nd the general solution of the given

system.

𝛝ϖ = ⌉ 0 11 0 {𝛝

Initial-value problems𝜔𝛚𝜚 = 𝛠 is the fundamental matrix for the system, so variation of parameters

yields, the general solution

𝛝 = 𝜔𝛚𝜚𝛡 + 𝜔𝛚𝜚 ⦄ 𝜚
𝜚0 𝜔ϑ𝛚𝜑𝛓(𝜑)𝜍𝜑

Note: 𝜔ϑ𝛚𝜑 is 𝜔𝛚𝜚 with 𝜚 replaced by ϑ𝜑. In our work, we will take 𝜚0 = 0.



Example: Find the general solution of the given system.

𝛝ϖ = ⌉ 1 00 2 {𝛝 +⌉ 3ϑ1 {



Example: Solve the given system by diagonalizing the coe"cient matrix.

𝛝ϖ = ⌉ 2 1ϑ3 6 {𝛝






